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Steady-State Configuration of an Underwater Suspended

Bipod Cable System

J. J. Mariano*
Bell Telephone Laboratories, Whippany, N. J.

Underwater suspended bipod cable systems are utilized to moor oceanographic instrumentation. An analysis
to determine the steady-state configuration of an underwater-suspended bipod cable system subject to buoyant
lift forces as well as current drag forces is presented. It is assumed that the cables are neutrally buoyant or can be
made neutrally buoyant by the addition of buoyancy and that the effects of tangential drag on each cable are
negligible. The equations used to find the equilibrium position of the buoyed joint and also the tensions in each
mooring cable are of two kinds: three force equilibrium equations at the buoyed joint and two compatibility
equations for the displaced bipod system. These equations are sufficient to solve for the five unknowns, namely,
the displacement of the buoyed end in three directions and the two cable tensions. A computer program was
developed to solve the system of equations. Iterations are performed until a convergence is obtained on an
equilibrium position and cable tensions. As an example, a bipod system 10,000 ft high with a 20,000 1b buoyant
force under installed conditions was considered. The flow direction was taken at an angle of 30 deg with the
normal of the plane containing the system. A linear velocity profile ranging from 1 ft/s at the top to 0 at the

bottom was found to cause a 670 ft horizontal and 153 ft vertical deflection of the buoyed joint.

Structure

HE cable system analyzed here comprises two flexible

cables with their lower ends separated and anchored on
the ocean bottom, and their upper ends joined together and
attached to a subsurface buoy, forming an inverted ‘“V,”” as
shown in Fig. 1.

Geometric Considerations

The cable system will be referred to a Cartesian coordinate
system. Vectorial representation describes the cable con-
figuration. Each cable has an average unit tangent vector
(Fig. 1), which is the vector given by the relative position of
the cable endpoints. The subscripts indicate the cable number.

Writing the vector equation giving x, y, and z components,
respectively, of the undeflected cable system we have, for
cable 1

£, =0 a il 6))
77 Ndi+ny” Ndi+h;
and similarly for cable 2
. —d h
£,=0, : : @

Ndi+hi’ ~Ndi+h3

where

h; =height of cable i
d; =distance to center of cable system from anchor point
of cable i

In Egs. (1) and (2), the quantities d; and A, will not carry the
subscripts in remaining calculations. Instead, an analysis will
be performed on a symmetrical bipod, keeping in mind that
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the equations are adequate for an unsymmetrical system as
well as if subscripts are retained.

We will now introduce a deflection vector A, (Fig. 1),
resulting from a current having a velocity vector V. This
vector is given by

A=AX, AY,-AZ 3)

where AX, AY, and AZ are the unknown deflection com-
ponents which will be solved for in the following analysis.
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Fig.1 Cable configuration.
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Figure 1 shows the directions for positive deflections. The sign
convention shown in this figure indicates the need for a
negative AZ component. _

Let the velocity vector V be given as

V=V(s)cosB, V(s)sinG,0 )

where
B =angle the velocity vector makes with the x axis,
measured counterclockwise from the positive
direction of the axis (Fig. 1)
V(s) =the magnitude of velocity given as a function of
s, the distance along the cable

Having given the buoyed joint a deflection A, the average
unit tangent vectors must be redefined. That is, Egs. (1) and
(2) become

P ¢ AY+d h—AZ )
""Vhi+d?’ h?+d? Nh?+d?

and
P AY~d h—AZ ©
2" Vh2+d?’ Nh?+d?’ Vh?+d?

The quantity vd? + A2 is used to unitize the 7; vectors in-
stead of the exact value VAX? + (AY+d) 2+ (h—AZ) 2. It is
assumed the deflections are small compared to the length of
cable and the difference between the two quantities is
negligible.

In calculating the drag forces on a cable, the tangential and
normal velocity components are needed. The tangential
component is found by taking the scalar product of the
velocity vector [Eq. (4)] with the tangent vector for each
cable.

Therefore Vi =magnitude of the tangential velocity of the
ith cable will be given by

VieV.i, ™

Using Eq. (7), the magnitudes of the tangential velocity
components for each cable are

V .
Vi= gz [AXcosf+ (AY+d)sing] @)
and
v
2 _ .
Vi= Jrraz [AXcosB+ (AY=d)sing] ©)

The tangential vector of cable i is
Vi=Vi(t;) (10

For each cable this becomes

_ vV .
Vi= Wt d? {AXcosB+ (AY +d)sinB]
X (AXT+ (AY+d) [+ (h—AZY k] an
and
V= v [AXcosB+ (AY —d)sinB]
" h?+d?
X (AXi+ (AY~d)j+ (h—AZ) k] (12
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where 7, f, and k are unit vectors along x, ¥, and z axis,
respectively.
To find the normal component, we use simple vector ad-
dition
V=Vi+Vi or Vi=V-"Vi 13)

Using Eq. (13) the normal velocity of each cable becomes

1= V{[cosﬁ— (AXcosB + (AY+d)sinB)AX];

h?+d?
. (AXcosB+ (AY +d)sinB) (AY+d) -
+ [sine— h +d? Iz
(AXcosB+ (AY+d)sinB) (h—AZ) 7 -
- e 13 e
and for cable 2
- _ (AXcosB+ (AY—d)sinB)AX ] .
Vi =v{[oos h +d? ]'
) (AXcosB+ (AY —d)sinB) (AY—d) ] .
o Wi a1t -
(AXcosB+ (AY —d)sinB) (h—AZ) 7 «
- [ h? +d? ]k] 13
Absolute Unit Vector

For the solution of the bipod system, three equilibrium
equations at the buoyed joint will be used. These equations
require the unit tangent vector of each cable at that point. The
average tangent vectors already defined by Eqgs. (5) and (6) do
not take into account the bowing action of the cable under
current load. This current load will change the direction of
tangency from that given by the average tangent vector.
Therefore, another tangent vector must be defined.

Let 7;, illustrated in Fig. 2, be the unit tangent vector of the
ith cable at any point along the cable. In Fig. 2 is also shown
¢, the angle between the average tangent vector 7; and the
absolute tangent vector ;. It will be assumed the cable
bowing occurs in a plane defined by #; and the normal velocity
component to a cable. The calculation of the angle ¢ now
becomes a two-dimensional problem.

T, = ABSOLUTE TANGENT VECTOR
T} ¥, = AVERAGE TANGENT VECTOR
| @ = X BETWEEN t & T VECTORS

— INITIAL CABLE POSITION
==== DEFLECTED CABLE POSITION

Fig.2 Tangent vectors.
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Let 7;, illustrated in Fig. 2, be the unit tangent vector of the
iy, cable at any point along the cable. In Fig. 2 is also shown
¢, the angle between the average tangent vector f; and the
absolute tangent vector ;. It will be assumed the cable bowing
occurs in a plane defined by f; and the normal velocity
component to a cable. The calculation of the angle ¢ now
becomes a two-dimensional problem.

General Solution of a Two-Dimensional
Cable Model!

Referring to a two-dimensional cable model, as shown in
Fig. 3a, we may investigate the bowing effect. An element of
cable As is shown in Fig. 3b. The forces acting on this cable,
element after installation and load are: the weight of the
cable, the tensions at each end, and the normal and tangential
drag forces. It has been assumed the cable will be neutrally
buoyant and the effects of tangential drag will be negligible.
Eliminating these, the system of forces in Fig. 3b reduce to
those shown in Fig. 4.

Using Fig. 4, we sum forces in the tangential direction

T+AT-T=0 (16)

Dividing through by As and taking the limit as As ap-
proaches zero we obtain:
. (T+AT-T) . AT dT
lim ——— =lim — = =

hoe0 As asp AS ds

0 (17

Equation (17) implies that the change in tension along our
weightless cable model, with tangential drag neglected, is zero
or the tension is constant along the cable.

Summing forces in the normal direction, neglecting second-
order terms, gives a differential equation of the form

dy
-D +T—-=0 18
nt as (18)

In general, the normal drag force per unit length of cable
may be given by

D, = Vipc(Vi)2d (19)

where p is the density of liquid, ¢ is the coefficient of drag, V
is defined as before, and d equals the diameter of cable used.?
For instances where buoyancy is added, a composite coef-
ficient of friction and diameter which accounts for the affects
of buoyancy must be applied. Equation (18) becomes

dy _ Yhec(Vi)?d
—_ = 20
ds T (20)
This is an expression for the change in the tangent angle
along the cable length ds.
Simplifying Eq. (20) by letting

Yapcd
K=—— 21
T @
we have
dy=K(Vi)2dS 22)
Integrating Eq. (22) along the cable length L gives
b2 L .
[ av=6,-0,=k] (vi)2as ()
1

BIPOD CABLE SYSTEM 79

Vn = NORMAL VELOCITY

T = AVERAGE TANGENT VECTOR

T = ABSOLUTE TANGENT VECTOR
¢ =X BETWEENT& T

AS = ELEMENT OF CABLE LENGTH

a)

Dy = TANGENTIAL DRAG

Dn = NORMAL DRAG

T = TENSION

AT = CHANGE IN TENSION

W = WEIGHT PER UNIT LENGTH
t = TANGENTIAL AXIS

n = NORMAL AXIS

Y = ANGLE WITH HORIZONTAL

AS = UNIT LENGTH UNDER LOADED CONDITIONS

b)
Fig.3 Two-dimensional cable.

In Eq. (23), V¢ is the normal velocity variation given as a
function of s, the distance along the cable. To obtain an
approximate expression for ¢, one constant must be deter-
mined.t This is found by taking moments about a line
through the lower support and normal to the plane defined by
the average f; and velocity component V¢ normal to f,
as shown in Fig. 3a.

i

L
M,= —kgo (V, (s))2sds+ TLsing, =0 (24)

where from Eq. (21), k=KT. Setting Eq. (24) equal to zero
gives

=~

L
sing, = So (V,(s))2sds 25)

or

¢2=sin"<—lz— S:(V,, (s))zsds> (26)

Rewriting Eq. (23) and replacing ¢, with ¢(s) and in-
dicating ¢ as a function of s we have

¢ (s) =sin ~! [—[E S: [V, ()] ~’sds} —KSSL[V,, (s)]%sds (27)

TA more exact e)gpression would be obtained utilizing
Vi (s) =Vicosp(s) ~Vising(s) where ¢(s) is the angle between
#(s) and 1.
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T + AT

dy

Fig.4 Cable element.

as

Dn

Vals
n(s) BOWING EFFECT

Vn (S) = NORMAL VELOCITY
AS A FUNCTION OF S.

Fig. 5 Cable equilibrium.

Having calculated the ¢ angle it is now possible to write an
expression for 7 (see Fig. 5). From vector addition,

7, =1, cosp— (Vi /Vi) sing 28

Vi is given by Eqs. (14) and (15). For the first approximation
of its magnitude, assuming AX, AY=0gives

) / d?sin?j
Vi=Vi]l —————
" d?+h? 9

Substituting in Eq. (28) the quantities #;, ¥, and V% the
two tangential vectors are obtained:

. COSPpAX vV .
7= { m - V—flsmqﬁ[cosﬁ

_ (AXcosB+ (AY+d)sinB)X]}4
h?+d? !

cosp(AY +d) Vv .
[—\/h— rar e

(AXcosfB+ (AY +d)sinB) (AY +d) ]}f

x [SinB— h?+d?
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Fig. 6 Cable shortening.

cosp (h—-AZ) V.
Cirar e

n

N (AXcosB+ (AY +d)sinf) (h—AZ) }IE

h? +d? 39

To obtain an expression for 7,, replace the quantity (AY +d)
in the above expression by AY —d.

Joint Compatibility

To establish the position of the buoyed joint, consideration

must be given to the effects of cable bowing. As loading

occurs, the distance between cable endpoints decreases. The

amount of decrease will be defined as 6 and is shown in Fig. 6.

An element of length dx along the cable, shown in the figures
is given by

dx=coséds 3D

where ¢ is the angle between ¢ and the actual tangent vector
at x.
Expansion of cosine and substitution in Eq. (31) gives

dx= (I—(%z)ds (32)

Integrating both sides from zero to L —4 on the left and
zero to L, the length of cable, on the right we obtain:

J, =, (-5 e

or

ES So —ds (33)

Equation (27) gives ¢ as a function of s. Substituting this
into Eq. (33)

5= 1 §: {sin" EL S: (v, (s)]zsds—KSSL[ V()] st}zds

(34
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which is the amount of shortening in cable endpoints due to
velocity distribution ¥, (s). As an example to demonstrate
the use of Eq. (34) we consider a linear normal velocity
distribution. Let the variation in velocity be one which ranges
from some magnitude at the top of the array to zero at the
bottom. Velocity may then be written as

V,(s)=V,(VPS)s 35)

where V, is the magnitude of normal velocity at the top of the
array, VPS is the velocity profile slope, and s the distance
along the cable. VPS would be 1/10,000 if the velocity ranged
from 1 ft/s to 0 in a 10,000 ft deep bipod system. Substituting
V, (s) into Eq. (34) yields

. L L 2
6= 14 SO {0f—a50s2ds} ds (36)

where

3

L L
6, =sin - % SO sids=sin 1%
and
a=KV,|2VPS2 37)

Simplifying Eq. (36)

L 3\2
o=, (6,5 ) as (38)

or finally upon integrating

L al’? «?LS
ot )
2\ e (39)

This is the shortening of the distance between endpoints of a
cable under a linear distribution of velocity. The value of this
shortening will exceed the actual value by an amount equal to
the elastic stretch in the cable. Its magnitude being ATL/EA,
where AT=the change in cable tension from the original
undisturbed configuration, L=length, E=modulus of
elasticity, and A4 =cross-sectional area of the cable.?

Having calculated the amount of shortening of each cable,
it is possible to write two vector equations for the com-
patibility of the buoyed joint:

[(L-86,)=AXi+ (d+AY)j+ (h—AZ)k (40)
and

f,(L—=5,) =AXi+ (AY—d)j+ (h—AZ)k @n
Taking the square of both sides gives for cable 1

(L—6,)2=AX2+ (d+AY)? + (h—AZ)? (42)
and for cable 2

(L—5,)?=A0X?+ (AY—~d)?+ (h—AZ)? (43)

Equilibrium and Compatibility Equations
In the bipod cable system there are five unknowns which
must be solved, that is, three unknown deflections in the x, y,
and z directions and two unknown tensions in cables 1 and 2.
The equations to be used are three equilibrium equations at
the buoyant joint and two compatibility equations of the
displacement.
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For the equilibrium of the buoy, the forces due to buoy
drag and buoyancy must be defined. The vector describing
these forces is given by:

F=FpcosBi+Fpsin8j+ Fgk 44

where
F,=drag force
Fy =buoyant force
B=angle made with positive x axis by velocity vector (see
Fig. 1)
Now it is possible to write the vector equilibrium equation
for the buoyed joint. That is,

F-T,%,—-T,7,=0 (45)
where 7, and 7, are the unit tangent vectors at the joint and T,
and T, are the magnitudes of the tensions in cables 1 and 2.
This vector equation represents three equations, i.e.,
equilibrium in the x, y, and z direction as defined in Fig. 1.
The two remaining equations will come from the com-
patibility given by Eqs. (42) and (43). Upon expansion of Eq.
(42) the following is obtained

L?—=25,L+583=AX? +d?+2dAY +AY? + h? —2hAZ + AZ?
(46)

but,
L2=h? +d?

Thus, Eq. (46) becomes
—28,L+83=AX?+2dAY+AY? —2hAZ + AZ? 47

The higher order terms of deflection (i.e., AX?, AY?, and
AZ?) will be neglected in Eq. (41). This gives

8,L=dAY—hAZ 48)
Similarly for Eq. (43) which gives
6, L=dAY+hAZ 49)

Rewriting Eq. (45) in full we obtain

cospAX v _n¢[ 8
s — 5 Sl COSs,
Vhi+d? ¥V,

n

T
FpcosB— -1 {
T

_ (AXcosB+ (AY+d)sinB)AXB _ 2 { COSOAX
it d? NI

72

| 4 sincb[cosB— (AXcosB+ (AY+d)sinB)AXB —0

n h?+d?
(50
. T, ( cospAX Vv .
FDsmB—T {\/hz—-l-d? - V—n, sing [cosB
_ (AXcosB+ (AY+d)sin8) (AY +d) ]}
h?+d?
T, ( cospAX |2
— . { v V—”zsmd{cosﬁ
(AXcosB+ (AY +d)sinB) (AY+d) 1) _
- rERw J=o oo
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T, [cos¢ (h—Az) V.
A e

ny

Fy
7;

y (AXcosf+ (AY+d)sinB) (h—AZ)
h?+d? ]

T, [cos¢(h—AZ) |
B - e

72 ny

N (AXcosB+ (AY —d)sinB) (h—AZ) ]=0

e +d? 2

These last five equations (48-52) are to be solved to obtain
the deflection of the buoyed joint and the unknown cable
tensions.

The method described above provides equations governing
the equilibrium of the cable system endpoints in terms of the
distributed loading on the moorings. Skop and O’Hara* have
treated a similar problem; their ‘‘Method of Imaginary
Reactions” requires calculation of internal element con-
ditions.

Computer Solution

From the complexity of Eqs. (48-52), a general explicit
solution is not possible. Therefore, a computer program has
been developed which will solve the equations using iteration.
As in all iteration processes, a first approximation of the
unknown quantities is needed. It is left to the analyzer to give
these approximations as data in the program.
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For illustration, one buoy configuration, having a buoyed
joint 10,000 ft high and legs at a 45 deg angle to the
horizontal, was found to deflect 670 ft in the X direction, 23 ft
in the Y direction, and 153 ft in the Z direction. This was due
to a velocity profile slope (VPS) of 1/10,000, an angle 3 of 30
deg, and a buoyant force at the apex joint of 20,000 1b.

Summary

Fundamental equations describing a cable bipod system
have been presented to describe steady-state equilibrium
position under current loads. Effects due to cable bowing,
cable extensibility, and varying velocity profiles or current
directions were incorporated in the analysis.
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